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1. Introduction 

 

An important stage in the study of fractional integro-

differentiation of functions from generalized Hölder 

spaces is the obtaining of Zygmund-type estimates, 

i.e., an estimate of the modulus of continuity of a 

fractional integral through the modulus of continuity 

of the original function. A similar problem can be 

considered completely solved for the Hölder space 

of functions of one variable and power weights (see 

[1] see also [2]), as well as for the Hölder space of 

functions of two variables and power weights (see 

[4]-[13]). Obtaining an estimate of the Zygmund 

type for mixed fractional integrals with arbitrary 

kernels and has not been studied. 

The main focus of the work is to obtain an estimate 

of the type of Zygmund majorizing a mixed 

modulus of continuity   ,;
~

hK  mixed fractional 

integral with a Volterra convolution type of integral 

weight constructions from a mixed modulus of 

continuity   ,;h  its density  yx,  with weight 

 yx, . These Zygmund type bounds and action 

theorems directly affect the nature of the 

improvement of the modulus of continuity by mixed 

fractional integration of the Volterra convolution 

type: 

         

yx

dtdsstsyktxkyxK

00

,,
~

,   (1) 

here we consider the degenerate kernels, as well as 

each k(x) and k(y) assumed to be close in some sense 

to a power function. 

In this paper, we deal with arbitrary kernels, i.e., not 

necessarily power. We will consider the operator (1) 

in a rectangle   dybxyxQ  0,0:, . 

 

2. Preliminary 

 

In this section, we present some well-known results 

and notation that we will need to present the issues 

under consideration (see [3]). 

Everywhere in the results through, ...,,, 21 ССС  we 

denote absolute constants that can have different 

meanings in different cases. 

Definition 1. We say that     0,0,V   xkxk , if 

  ],0[ lxk   and satisfies the conditions: 

1)    xkxxk  ,0  - almost increases and   00 


xxkx ; 

2) 0 , 0 , that  xkx   - almost decreases; 

3) C , that  

     
*

*

21

21

x

xk
C

xx

xkxk





, if  21,max* xxx  .   (2) 

Definition 2. Let given bounded on [a, b] function 

 x . Under modulus of continuity  x  understood 

the expression 

     


;sup
],0[

xhx
h

, ab 0 . 

Definition 3. We denote by 1  function class 

  ],0( ab  and satisfying the conditions 

1)   0  in  (0, ba],   0lim
0




; 

2)    in (0, ba]; 

3)      2121  . 

Below in the estimates, we need inequalities:  

1) if  h;
 
is modulus continuity, then we have 

   2112 ;; xCxxx  , 12 xx  ;   (3) 

2) if   Vxk , then    2211 xkCxxkx    and 0 ,   

   1122 xkCxxkx   ,  21 xx  ;  (4) 

Lemma 1. Let 0>,V)(  xk  and 0)(  x  almost 

increases, then for any 2/<<0 lx , rightly 

.)()()()( 1 dttkttCxkx

l

x

 


    

(5) 

Consider a one-dimensional integral operator of the 

Voltero type convolutions 

.<<0,)()(=))((

0

bxdtttxkxK

x

     (6) 

Theorem 1. Let   10,V  xk  и 

       00,,0  bCx . Then for integral (4), the 

following estimate is valid 
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     
   













 
 

b

h

dt
t

ttk
hhhhkChK

,
,,    (7) 

Proof. The integral (4) will be presented in the form 

     .0)()((0)=))((

00

dtttxkdttxkxK

xx

   

Since 0=(0) then, we have ,)()(=)( dtatktgxf

x

a

  

where     )(=0 tgt  . 

Let 0>h , ][0,, bhxx  . Consider the difference 

          


dtxgtxgthkCxfhxf

h

)(

0

          

.

=)()(

321

0

AAA

dttkxgdtxgtxgtkthk

hx

x

x



 


  (8) 

We estimate 1A . Using inequality (3) and by 

definition 1, we have 

   

).,()(

)(),(,

00

1

hhChk

dt
th

h
hkhCdtthktA

hh



















 

(9) 

We estimate 2A . Using inequality (2), we have 

 
  






x

dtt
th

thk
CA

0

2 ; . 

Here we distinguish two cases: 1) xh   and 2) xh < . 

In the first case 

 
 

 
 

 

.),()(
)(1

),(
)(

1

),(;

1

1

0

1

0

1

0

1
2

hhChkdt
t

ht
hChk

t

dtht
hChkdt

th

t
hkChA

h

x

x




























 (10) 

      (10) 

In the second case 2A , it can be represented as the 

sum of two terms, i.e. 22

0

2 AAA

ax

h

h

 


, для  

справедлива оценка (10). А для, имеем (for  2'A
 
is 

rightly estimate (10). And for 2"A , we have 

.)(
),()(

),(2 dttk
t

t
Chdt

t

tk
tChA

b

h

x

h


   

Finally, we estimate 3A .  By hx  : 

.)(),())((),(3 hhkhC
t

dt
hxhxkxCA

hx

x









 

If hx > , then using Lemma 1 and we have 

 
 

 
  .;

;)(),(3

dtt
t

tk
Ch

dtt
t

tk
ChxhkxCA

b

x

b

x








 

Collecting all estimates for 321 ,, AAA , we get (7). 

Let a continuous function  yx,  be defined in R
2
. 

We introduce the necessary notation 

     yxyhxyxh ,,,
0,1









 ,

     yxyxyx ,,,
1,0









 , 

       

  ,,

,,,,,

1,1

yx

yhxyxyhxyxh











 

 

and 

      

     

    .,,

,,,

0,1

1,0

,

1,1

yxyx

yxyxyhx

h

h




























 

    (11) 

Now we introduce the following characteristics: 

1) Private modules of continuity 

   yxh

hy

,supsup0,;
0,1

0

0,1













 and 

   yx
x

,supsup,0;
1,0

0

1,0









 



; 

2) Mixed modulus continuity of order 1.1 

   yxh

hyx

,supsup,; ,

1,1

0
0,

1,1









 




,   where 

db  0,0 . 

It follows from the definition   ,;
1,1

 
that this 

function belongs to each variable 1 . In addition, 

we note that there is an inequality 

      








 ,0;,0,;min2,;
1,00,11,1

.       (12)  

3. Main result  

 

In this section, we generalize Theorem 1 to the case 

     ykxkyxk 21,  . 

Theorem 2. Let )(),(1,<<0,V)(,)(1 QCyxykxk    

and 0=|),( 0=0,= yxyx . Then Zygmund type estimates 

are valid 

,),;(
)(

),;()(,0);
~

(
1,11,1

1

1,0














  dtdt

t

tk
hdhhhkChK

b

h

  (13) 

,),;(
)(

),;()();0,
~

(
1,11,1

2

0,1














 



dssb
s

sk
bkCK

d

 (14) 
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



 ),;()()(),;

~
(

1,1

3

1,1

hkhkhChK

 

 


dssh
s

sk
hhkdtt

t

tk
kh

db

h

),;(
)(

)(),;(
)(

)(
1,11,1

 

.),;(
)()( 1,1







 



dtdsst
ts

sktk
h

db

h

  (15) 

Proof. Using (11), (1) we will present in the form 

  dtdssyktxkyxK

yx

)()((0,0)=),)(
~

(

00  









  dtdssyktxk st

yx

0)(0,)()( ,

1,1

00

    

     .0,0,0)()(

0,00,)()(

00

00

dtdsssyktxk

dtdstsyktxk

yx

yx








 

Since 0=|),( 0=0,= yxyx then we have 

.)()(),(

0)(0,)()(=),(

00

,

1,1

00

dtdssyktxkstg

dtdssyktxkyxf

yx

st

yx
















 

Let 0>h , ][0,, bhxx  . Consider the difference 

    








dtdssyxgsytxgskthk

yxfyhxf

y

h

)],(),()[()(

=,,

0

0
 

  dtdssyxgsytxgsktkthk

yx

)],(),()[()]()([

00

 

.),()()(

00

dssyxgdttkdtthk

yxx

h















 



  (16) 

Fair inequality 

     






 

yh

dtdssytskthkCyxfyhxf

0

1,1

0

),;()(,,

 

   

  
















dtdssytsktk

sytsktkthk

yhx

x

yx

0

1,1

0

1,1

0

),;()(

),;()(

 

          






 

xh

dtdttkhxkdtdtthkС

0

1,1

0

1,1

1 ,;,;  

     






 

hx

x

dtdtxkhxk ,;
1,1

. 

Using the estimates for 321 ,, AAA
 
in the proof of 

Theorem 1, one can easily verify the inequality (13). 

Having made a symmetric permutation (16), we can 

similarly get (14). 

Let 0>,h , ][0,,],[0,, dyybhxx  . Consider 

the difference 


















 



  dtdsskhtkyxgyxf st

h

h )()(),(=),( ,

1,100

,

1,1

 









  dtdssksktkthkyxgst

yx

)]()()][()()[,(,

1,1

00

 

 


dtdssktkyxg

y

y

hx

x

)()(),(

 









 



 dtdsskskthkyxgst

y

h

)]()()[(),(,

1,1

0

0

 









 



 dtdssktkthkyxgst

x

)()]()()[,(,

1,10

0

 

 




dtdssktkyxgsyxg

hx

x

)()()],(),([

0

 

 




dtdsskhtkyxgsyxg

y

yh

)()()],(),([

0

 

 


dtdssksktkyxgsyxg

yhx

x

)]()()[()],(),([

0

 

.)()]()()][,(),([

0

dtdssktkhtkyxgytxg

y

y

x

 


 

Fairness inequality 
















 



 dtdsskthkstCyxf

h

h )()(),;(),(
1,1

00

,

1,1

  dtdssksktkthkst

yx

|)()(||)()(|),;(
1,1

00

 










dtdsskskthkst

dtdssktkyx

yh

y

y

hx

x

|)()(|)(),;(

)()(),;(

1,1

00

1,1












dtdsktksx

dtdssktkthkst

hx

x

x

)()(),;(

)(|)()(|),;(

1,1

0

1,1

00
 













dtdsksktkx

dtdsskthkyt

yhx

x

y

y

h

|)()(|)(),;(

)()(),;(

1,1

0

1,1

0
 

.)(|)()(|),;(
1,1







 



dtdssktkhtkyt

y

y
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Estimating the obtained terms in the standard way, 

we arrive at inequality (15). 
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