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Abstract:

Non-weight Zygmund-type estimates are obtained for mixed fractional integrals of the Volterra convolution
type for a function of two variables defined by a mixed modulus of continuity.
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1. Introduction

An important stage in the study of fractional integro-
differentiation of functions from generalized Holder
spaces is the obtaining of Zygmund-type estimates,
i.e., an estimate of the modulus of continuity of a
fractional integral through the modulus of continuity
of the original function. A similar problem can be
considered completely solved for the Holder space
of functions of one variable and power weights (see
[1] see also [2]), as well as for the HOlder space of
functions of two variables and power weights (see
[4]-[13]). Obtaining an estimate of the Zygmund
type for mixed fractional integrals with arbitrary
kernels and has not been studied.

The main focus of the work is to obtain an estimate
of the type of Zygmund majorizing a mixed
modulus of continuity oa(pR(p; h,n) mixed fractional
integral with a Volterra convolution type of integral
weight constructions from a mixed modulus of
continuity w(pg;h,n) its density ¢(x,y) with weight
p(x,y). These Zygmund type bounds and action

theorems directly affect the nature of the
improvement of the modulus of continuity by mixed
fractional integration of the Volterra convolution

type:
Xy

K@Xx y :I jk k(y—s)p(t,s)dtds, (1)
00

here we consider the degenerate kernels, as well as
each k(x) and k(y) assumed to be close in some sense
to a power function.

In this paper, we deal with arbitrary kernels, i.e., not
necessarily power. We will consider the operator (1)
in arectangle Q={(x,y):0<x<b,0<y<d}.

2. Preliminary

In this section, we present some well-known results
and notation that we will need to present the issues
under consideration (see [3]).

Everywhere in the results through, c,G,C,,... we
denote absolute constants that can have different
meanings in different cases.
Definition 1. We say that k(x)eV,,r>0k(x)>0, if
k(x)e[0,1] and satisfies the conditions:
1) k(x)=0, x*k(x) - almost increases and x*k(x),_o=0;
2)3e>0, 0<e<, that x*~*k(x) - almost decreases;
3)3c, that
|k(xl)—k(x2)|gck( *) if xr=

X, — X X*
Definition 2. Let given bounded on [a, b] function
o(x). Under modulus of continuity ¢(x) understood
the expression

o(x) = olg:

sup |o(x+h)-
he[0,58]
Definition 3. We denote by &' function class
o(8)e (0,b—a] and satisfying the conditions

1) «(3)>0 in (0, b-a], giinom(a):o;

2) o8)T in (0, b-a];
3) o3, +8,)<0ld,)+l5,).
Below in the estimates, we need inequalities:
1) if w(p;h) is modulus continuity, then we have

X,0(9; %)< Cxol@; X,), Xp <3 (3)

2) if k(x)eV, , then x'k(x)<Cxik(x,) and 30<e<Ah,
Xk (%)< Cxi k(%) X <Xs  (4)

Lemma 1. Let k(x)eV,,A>0 and o(x)>0 almost
increases, then for any 0<x<1/2, rightly

max(x,, ;). (2)

§), 0<d<b-a.

o(x)k(x) < cjt-lm(t)k(t)dt. (5)

Consider a one-dimensional integral operator of the
Voltero type convolutions

(K(p)(x)=jk(x—t)(p(t)dt, 0<x<b.  (6)
0

Theorem 1. Let k(x)eV,, 0<r<1 u
o(x)ec([0,b]), ¢(0)=0. Then for integral (4),
following estimate is valid
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(Ko, h)<C| hk(h)o(p,h)+ hj%t)dt (7

Proof. The integral (4) will be presented in the form

(Ke)() = p(0) [k(x =)t + [k (x—)[o(t)- p(0)Jt .
0 0

Since ¢(0)=0then, we have f(x)=jg(t)k(t—a)dt,

where oft)-(0)=g() -
Let h>0, x,x+he[0,b]. Consider the difference

|f(x+h)—f(x jk(h+t) (x—t)- g(x)Jdt +

X+h

+I<k<h+t>—k<t>>[g<x—t)-g(x)]dt+g(x> (o =

0
=A+A+A
We estimate A. Using inequality (3) and by
definition 1, we have
h h A

A < [olo, tk(h—t)dt < Ca(o, h)k(h)j[hl_tj s g
0 0

< Chk(h)o(p, h).

We estimate A, . Using inequality (2), we have

(; t)dt .

Here we distinguish two cases: 1) h>x and 2) h<x.
In the first case

(8)

A, < CJ‘ h+t

| <

h
[olot) g op(n)f Ao 0t _
o Lty

A, <Ch™k(h
2 ( )J.(h+t)1+x —€

1
< chk(h)| % dt < Chk (h)(g, h). (10)
0

In the second case A,, it can be represented as the
h x—a

sum of two terms, i.e. Azsj + j =N+ A, ans
0 h

cnpasemanBa ouenka (10). A ms, umeem (for A, is

rightly estimate (10). And for A", , we have
X b
A < Chjm(q), t)@dt < Chj@ka)dt.
h h

Finally, we estimate A;. By x<h:

X+h

A < Co(@, X)K(x +h)(x + h)" j—t<cm(<p h)k (h)h.

If x>h, then using Lemma 1 and we have

A; < Co(p, X)hk(x) <Ch j olp;t)dt <

< Chj K et

Collectlng all estimates for A, A,, Ay, we get (7).
Let a continuous function o(x,y) be defined in R?.
We introduce the necessary notation

[Broy)- olx.y).
Joo-

( e o(x.y),

(Zlh,n <P](X, y)=olx+h,y+n)-o(x,y+n)-(x+hy)+

+¢(x,y),
and

x+hy

o(x,y+n)-

01

o(x+h, y+n)=(1Alh,n (PJ(X, y)+[An (p](x, y)+
[ Bao i y)+otey).

Now we introduce the following characteristics:
1) Private modules of continuity

1,0 10
o(@; 8,0)=sup sup [Ah @J(x,y* and
01
(An (PJ(X’ Y* )

y 0<h<d
2) Mixed modulus continuity of order 1.1

11 11
o(; 8,6)=sup sup (Ah,q q)j(x,y# ., Where
(10)

X,y 0<h<$
0<n<c

(11)

01
o(p; 0,6)=sup sup

X 0<n<o]

0<8<h,0<o<d.

11 .
It follows from the definition o(g;8,c) that this

function belongs to each variable @!. In addition,
we note that there is an inequality

(0:8,0)<2 min{lcﬁ(cp; 5,0), ‘i;i((p;o,c)} |

3. Main result

(12)

In this section, we generalize Theorem 1 to the case
k(x,¥)=ky(x)ka(y).

Theorem 2. Let k,(x), k(y)eV,,0<A <1, o(x,y) € C(Q)
and @(x,y) ly=0,y=0=0. Then Zygmund type estimates
are valid

1,0 -

®m
o(Ko;h O)<C1[hk(h)03((p h, d)+thm(¢,t,d)dt], (13)

01

k(s)tt
o(Ke;0,m) < Cz[nk(n)w(tp b, n)+nj S w((P,b:S)dS} (14)
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11 - 11 Having made a symmetric permutation (16), we can
co(ch;h,n)£C3{hnk(h)k(n)m(<p;h,n)+ simila?lyget (14)%/ P (16)
bk(t)lvl ' dk(s)lll | Let _h,n>o, vx,x+he[0,b], vy,y +n [0,d]. Consider
+nk(m) [ == o(gitmdt+ k[ = o(ghs)ds+  the difference
n 1.1 0 0/
b d An, f(x,y)j: (A_t,_s gj(x,y)k(t+h)k(s+n)dtds+
+hn j j %lﬁol((p;t,s)dtds}. (15) ( ' Ih In
hn X Yrq
Proof. Using (11), (1) we will present in the form +J I[A -1, ng(X Yk +1) —kIK M +s) - k(s)ldtds +
Xy 00
Ko)(x, ) = 0(0,0)[ [k(x=t)k(y—s)dtd x+h v
(Ko)(x, ) = o )H(X )k(y —s)dtds + rat y)j Ik(t)k(s)dm

Xy 1,1
+”k(x—t)k(y—s)(At,s <pJ(o,0)dtds+
+
00

y

j{l At sg](x yk(h+ k(N +5) —k(s)]dtds +
TO
-n

k(x—t)k(y —s)[o(t,0)— ¢(0,0)]dtds +

+ (1Al t—s gj(x yV)[k(h+1t) —k(t)]k(s + n)dtds +

o'—.x \D_Q—.o

h

k(x—t)k(y —s)[0(0,5)— ¢(0,0)]dtds.
[9(x,y —5)—g(x, )k ()k(n +s)dtds +

+

+ O'-—-.\< ‘3'—.@ x'—;:‘—(
g

Since o(x, y) l=o,y=0= 0 then we have

y+n

[9(x,y =) — g(x, y)Ik(t+h)k(s)dtds +

Xy e
f(xy)= I Ik(x—t)k(y—s)[lAlt,s (pj(0,0)dtds = + J;
00
ﬁg(t s)k(x —t)k(y —s)dtds. I [a(x,y=3) = g(x, Y) KO [K(x + ) —k(s)]dtds +
00
Let h>0, x,x+he[0,b]. Consider the difference ,[ J- (90—t y) — g(x K (t  h) — k(OK(S)dtds.

[f(x+h, y)-f(x, y)l=

0y
:.[Ik(h+t)k(s)[g(x—t,y—s)—g(x,y—s)]dtds+
-h 0

Falrness mequallty

1,1 hny
(Ah,nfj(x,y)SC{II (¢:t,5)k (h — )k (1 — s)dtds +
00

Xy
+[ [kh+0 kOOt y=5) - glx y —s)ldtds + -
00 +”o’3((p;t,s)|k(h +1) =k (t) [[k(n +s) —k(s) | dtds +
X X y
+[jk(h +t)dt—jk(t)dt]jg(x,y—s)ds. (16) 00 o yon
“h 0 0 +c0((p X Y) j Ik(t)k(s)dtds+
Fair inequality Xy
hy
|f(x+h, y)-f(x, y)sc[j J.k(h—t)k(s)lcl)l(cp;t,y—s)dtds+ [ [oolert s)k(h—t) | K(n +)—K(s) | dtds +
00

lo)l((p;t, s)[k(h+1)—k(t) | k(n—s)dtds +

Ot x O
= o'—._-% o'—.~<

Xy
+j j|k (h+t)- t)|k(s)m(<pty s)+ +
00

x+h y x+h n
j j k(t k(s)o)((pty s)dtds} + j J.l(nl((p;x,s)k(t)k(n—s)dtd+
x 0
h X h y+711’1
Cl[jk oloit,d) Jdt+ [k (x-+h)- K(t)foloit,d)dt + +[ | oot kih-tk(s)dtds +
0 0 0 vy

x+h Y1

j jm((p X, k() | k(n+8) —k(s) | dtd +

x+h

j|k (x-+0)—k(x)fo (ptd)d}

Using the estimates for A, A,, A; in the proof of +y+n1'1( ) K KO (Kt
Theorem 1, one can easily verify the inequality (13). J; PP :
Page 121
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Estimating the obtained terms in the standard way,
we arrive at inequality (15).
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